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DISTINGUISHING PURE REPRESENTATIONS BY NORMALIZED
TRACES
MANISH KUMAR PANDEY, SUDHIR PUJAHARI, AND JYOTI PRAKASH SAHA
Abstract. Given two pure representations of the absolute Galois group of an ℓ-adic number
field with coefficients in Qp (with ℓ 6= p), we show that the Frobenius-semisimplifications of
the associated Weil–Deligne representations are twists of each other by an integral power of
certain unramified character if they have equal normalized traces. This is an analogue of a
recent result of Patankar and Rajan in the context of local Galois representations.
1. Introduction
1.1. Motivation. The study of representations of the absolute Galois groups of number
fields and local fields is a central theme in number theory. As a consequence of the Cheb-
otarev density theorem, it follows that a continuous representation of the absolute Galois
group of a number field (which are unramified almost everywhere and have coefficients in
Qp for instance) can be characterized up to semisimplification by the traces of the Frobenius
elements at the unramified places. This statement for the Galois representations associated
with normalized Hecke eigen new cusp forms can be seen as an analogue of the strong mul-
tiplicity one theorem. In [Raj98, Theorem 2 (iii)], Rajan proved under suitable assumptions
that two continuous semisimple representations of the absolute Galois group of a number
field are isomorphic up to a twist by a Dirichlet character if they have equal traces at the
Frobenius elements at places varying in a set of positive upper density. This provides a re-
finement of the strong multiplicity one theorem for Hecke eigen cusp forms [Raj98, Corollary
1].
From a recent result of Kulkarni, Patankar and Rajan [KPR16], it follows that two elliptic
curves E1, E2 defined over a number field F are isogeneous over an extension of F if their
Frobenius fields are equal at places of positive upper density and one of E1, E2 is without
complex multiplication. This inspired a result of Murty and Pujahari [MP17, Theorem 1.1],
which states that two normalized Hecke eigen cusp forms are twists of each other by some
Dirichlet character if at least one of them is without complex multiplication and both of
them have equal normalized Hecke eigenvalues at primes varying in a set of positive up-
per density. This result can be restated in terms of their associated Galois representations,
which are predicted to be pure by the Ramanujan conjecture. Since many Galois represen-
tations of arithmetic interest are pure (as predicted by the weight-monodromy conjecture
[Ill94, Conjecture 3.9]), we may expect an analogue of the result of [MP17] for pure Galois
representations. Indeed, such a result is established by Patankar and Rajan [PR17, Theorem
2]. Under appropriate assumptions, they proved that if ρ1, ρ2 are two pure representations
of the absolute Galois group of a number field with coefficients in Qp and the actions of the
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Frobenius element Frv on ρ1, ρ2 have equal normalized traces for v varying in a set of places
of positive upper density, then ρ1 is a twist of ρ2 by the product of a power of the p-adic
cyclotomic character and a finite order character. Its proof relies on [Raj98, Theorem 2 (iii)].
In this article, we investigate an analogue of [PR17, Theorem 2] for representations of the
absolute Galois groups of ℓ-adic number fields with coefficients in Qp for ℓ 6= p.
1.2. Result obtained. Let p, ℓ be distinct primes. Let K be a finite extension of Qℓ. We
denote by q the cardinality of the residue field of the ring of integers of K. Let WK denote
the Weil group of K. Given a continuous representation ρ of the absolute Galois group
Gal(K/K) of K with coefficients in Qp, the Frobenius-semisimplification of its Weil–Deligne
parametrization is denoted by WD(ρ)Fr-ss (see §2). We obtain the following result.
Theorem 1.1. Let ρ1, ρ2 be pure representations of the absolute Galois group Gal(K/K) with
coefficients in Qp. If ρ1, ρ2 have equal normalized traces, then WD(ρ1)
Fr-ss is isomorphic to
ψw⊗WD(ρ2)
Fr-ss where ψ :WK → Q
×
p denotes the unramified character sending the geometric
Frobenius element to q1/2 and w denotes the difference of the weights of ρ1 and ρ2.
The above theorem follows from a similar result about Weil–Deligne representations,
proved in Theorem 3.1. The proof of Theorem 3.1 is based on the observation that the
knowledge of a highest and a lowest weight irreducible summand of a Frobenius-semisimple
pure Weil–Deligne representation (when thought of as a representation of the Weil group
by forgetting the monodromy) determines a ‘large part’ (i.e., an indecomposable summand
having monodromy with highest degree of nilpotency) of the pure representation and as
a consequence, a Frobenius-semisimple pure representation can be well-understood from
its trace via an induction argument. This observation is first used in [Sah14, Chapter 1]
(to the best of our knowledge) and subsequently used in the proofs of [Sah17, Theorem
3.1, Lemma 4.2, Proposition 4.1, Theorem 4.3]. Moreover, Theorem 3.1 can be recovered
from [Sah17, Theorem 4.3] (as outlined in Remark 3.2), which studies pure specializations
of pseudorepresentations. However, our proof of Theorem 3.1 does not use the notion of
pseudorepresentations.
1.3. Acknowledgements. The first author would like to thank Prof. B.Ramakrishnan for
his encouragement, during the work of this paper author is supported by the Infosys schol-
arship. The third author would like to thank Prof. C. S.Dalawat for an invitation to the
Harish-Chandra Research Institute during June, 2017 when this work was initiated. He is
grateful to the institute for providing a warm hospitality. During the final stage of the work,
he was supported by a postdoctoral fellowship at the Ben-Gurion University of the Negev,
offered by the Israel Science Foundation Grant number 87590011 of Prof. Ishai Dan-Cohen.
2. Preliminaries
Let ℓ be a prime and K denote a finite extension of Qℓ. Denote by GK the absolute Galois
group Gal(K/K) of K. Let IK (resp. I
wild
K ) denote the inertia (resp. wild inertia) subgroup
of GK . Let ̟ denote a uniformizer of the ring of integers OK of K. Given a compatible
system of roots of unity ζ = (ζn)ℓ∤n, there is an isomorphism tζ : IK/I
wild
K
∼
−→
∏
ℓ′ 6=ℓ Zℓ′ such
that σ(̟1/n) = ζ
tζ(σ)
n ̟1/n for any σ ∈ IK/I
wild
K . Fix a prime p with p 6= ℓ. Let tζ,p : IK → Zp
denote the composition of the quotient map IK → IK/I
wild
K , the map tζ and the projection
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map
∏
ℓ′ 6=ℓ Zℓ′ → Zp. The Weil group WK is defined as the inverse image of the subgroup
generated by the geometric Frobenius element Fr under the projection map GK → GK/IK .
We put the smallest topology on WK such that IK (with its usual topology) is open in it.
Let vK : WK → Z denote the group homomorphism which is trivial on inertia and sends Fr
to 1. Let q denote the cardinality of the residue field of OK . Henceforth we fix a lift ϕ ∈ GK
of Fr and a square root q1/2 of q in Qp. The following result due to Grothendieck explains
the action of IK on p-adic representations of GK .
Theorem 2.1 (Grothendieck). [ST68, pp. 515–516] Let ρ : GK → GL(V ) be a continuous
representation of GK on a finite dimensional Qp-vector space V . Then there exists an open
normal subgroup U of IK and a unique nilpotent element N ∈ EndQp(V ) such that
ρ(u) = exp(tζ,p(u)N) for all u ∈ U.
The nilpotent operator N is called the monodromy of ρ.
Definition 2.2. A Weil–Deligne representation of WK on a finite dimensional Qp-vector
space V is a pair (r,N) where r is a Qp-linear representation of WK on V with open kernel
and N is a nilpotent operator (called the monodromy) on V such that
r(σ)Nr(σ)−1 = q−vK(σ)N
for all σ ∈ WK [Del73b, 8.4.1]. The monodromy filtration of (r,N) is the filtration M• on
V defined by
Mk =
∑
i+j=k
kerN i+1 ∩N−jV
for k ∈ Z [Del80, 1.7.2].
For a representation ρ as in Theorem 2.1 with monodromy N , define its Weil–Deligne
parametrizationWD(ρ) as the Weil–Deligne representation (r,N) where r is a representation
of WK on V by
r(g) = ρ(g) exp(−tζ,p(ϕ
−vK(g)g)N)
for all g ∈ WK [Del73b, 8.4.2].
Example 2.3. Let χ : WK → Q
×
p denote the unramified character which sends ϕ to q
−1. Given
a representation r of WK on a finite dimensional Qp-vector space V with open kernel, and a
positive integer t, define the special representation Spt(r) as the Weil–Deligne representation
of WK with the direct sum
Vt−1 ⊕ · · · ⊕ V0, Vi := V,
of t-copies of V as the underlying space, on which WK acts by
rχt−1 ⊕ rχt−2 ⊕ · · · ⊕ rχ⊕ r,
and the monodromy induces the identity map from Vi to Vi+1 for each 0 ≤ i < t − 1 and
vanishes on the summand Vt−1.
Given aWeil–Deligne representation (r,N) as in Definition 2.2, write r(ϕ) = r(ϕ)ssr(ϕ)u =
r(ϕ)ur(ϕ)ss where r(ϕ)ss (resp. r(ϕ)u) is a semisimple (resp. unipotent) operator. Define
r˜(g) = r(g)(r(ϕ)u)−vK(g) for all g ∈ WK .
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Then by [Del73b, 8.5], the pair (r˜, N) is a Weil–Deligne representation of WK on the un-
derlying space of (r,N). The pair is denoted by (r,N)Fr-ss and is called the Frobenius–
semisimplification of (r,N) [Del73b, De´finition 8.6].
Definition 2.4. A Weil–Deligne representation (r,N) on a finite dimensional Qp-vector
space V is called pure of weight w if the eigenvalues of ϕ on the i-th grading of the mon-
odromy filtration of (r,N) are q-Weil numbers of weight w + i for any i ∈ Z. A continuous
representation ρ of GK on a finite dimensional Qp-space is called pure of weight w if WD(ρ)
is pure of weight w.
Definition 2.5. If (r,N) is a pure Weil–Deligne representation of weight w, then its nor-
malized trace is defined as the trace of the representation ψ−w ⊗ r. If ρ : GK → GLn(Qp)
is a pure representation of weight w, then its normalized trace is defined as the trace of the
representation ψ−w ⊗ (ρ|WK ) of WK .
Note that the notion of normalized trace depends on the choice of the square root q1/2 of
q in Qp.
Lemma 2.6. Suppose (r,N) is a Weil–Deligne representation of WK with coefficients in
Qp. Suppose σ1, · · · , σk are irreducible Frobenius-semisimple pure representations of WK
such that the sum of their traces is equal to the trace of r and σ1 has maximal weight
among them. Assume further that the difference of the weights of a highest and lowest
weight representation among σ1, · · · , σk is 2(t − 1) for a positive integer t. Then (r,N)
Fr-ss
is isomorphic to the direct sum (r′, N ′)⊕Spt(σ1) for some pure Weil–Deligne representation
(r′, N ′) of WK.
Proof. By [Del73a, Proposition 3.1.3(ii)], there exist positive integers t1 ≤ · · · ≤ tm and
Frobenius-semisimple irreducible representations r1, · · · , rm ofWK overQp such that (r,N)
Fr-ss
is isomorphic to the direct sum ⊕mi=1Spti(ri). So the trace of r is equal to the sum of the
traces of the representations
(2.1) riχ
j, 1 ≤ i ≤ m, 0 ≤ j ≤ ti − 1,
which are all irreducible WK-representations. Since the trace of r is also equal to the sum of
the traces of the irreducible WK-representations σ1, · · · , σk, by the Brauer–Nesbitt theorem
[CR06, 30.16], it follows that σ1, · · · , σk are isomorphic to the representations in equation
(2.1) in some order. Hence σ1 is equal to raχ
b for some a, b with 1 ≤ a ≤ m, 0 ≤ b ≤ ta − 1.
Thus raχ
b has maximal weight among the representations in equation (2.1). So b is necessarily
zero. Suppose (r,N) is pure of weight w. Then for any i, the representation Spti(ri) is
also pure of weight w by [Del80, 1.6.7]. So ri has weight w + (ti − 1) for any i. Note
that σ1 ≃ raχ
b = ra has maximal weight among the representations of equation (2.1).
This shows that the weight of ra is greater than or equal to the weight of ri for any i,
i.e, w + ta − 1 ≥ w + (ti − 1) for all i. Consequently, the integers ta, tm are equal since
t1 ≤ · · · ≤ tm. Hence we have the following isomorphisms.
(2.2) (r,N)Fr-ss ≃
⊕
1≤i≤m,i 6=a
Spti(ri)⊕ Spta(ra) ≃
⊕
1≤i≤m,i 6=a
Spti(ri)⊕ Sptm(σ1)
Note that 2(tm − 1) is the difference of the weights of a highest and a lowest weight repre-
sentation occurring in equation (2.1). On the other hand, 2(t− 1) is equal to the difference
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of the weights of a highest and a lowest weight representation among σ1, · · · , σk, which are
isomorphic to the representations occurring in equation (2.1) in some order. Hence tm is
equal to t. So (r,N)Fr-ss is isomorphic to ⊕1≤i≤m,i 6=aSpti(ri) ⊕ Spt(σ1). Since (r,N)
Fr-ss is
pure, its direct summand ⊕1≤i≤m,i 6=aSpti(ri) is also pure by [Del80, 1.6.7]. Hence the lemma
holds for (r′, N ′) equal to ⊕1≤i≤m,i 6=aSpti(ri). 
3. Pure representations and normalized traces
In this section, we prove the following theorem and use it to deduce Theorem 1.1.
Theorem 3.1. Let (ρ1, N1) and (ρ2, N2) be pure Weil–Deligne representations of WK with
coefficients in Qp such that ρ1, ρ2 have equal normalized traces. Then (ρ1, N1)
Fr-ss is iso-
morphic to ψw ⊗ (ρ2, N2)
Fr-ss where w denotes the difference of the weights of (ρ1, N1) and
(ρ2, N2).
Proof. Note that the above statement holds for Weil–Deligne representations on one-dimensional
spaces. Assume that the underlying spaces of (ρ1, N1), (ρ2, N2) are of dimension n and the
above statement holds for Weil–Deligne representations on spaces of dimension < n. By
[Del73a, Proposition 3.1.3(ii)], there exist positive integers t1 ≤ · · · ≤ tm and Frobenius-
semisimple representations r1, · · · , rm of WK with open kernel such that (ρ1, N1)
Fr-ss is iso-
morphic to the direct sum ⊕ri=1Spti(ri). Since (ρ1, N1) is pure, from [Del80, 1.6.7], it follows
that the representations Spti(ri) are pure of the same weight. Consequently, among the
representations
(3.1) riχ
j where 1 ≤ i ≤ m, 0 ≤ j ≤ ti − 1
the WK-representation rm (resp. rmχ
tm−1) is a highest (resp. lowest) weight representation.
Note that the trace of ρ2 is equal to the trace of ψ
−w ⊗ ρ1, which is equal to the sum of the
traces of the following representations.
(3.2) ψ−w ⊗ riχ
j where 1 ≤ i ≤ m, 0 ≤ j ≤ ti − 1
The difference of the weights of a highest and a lowest weight representation among these
representations is equal to 2(tm − 1). Moreover, ψ
−w ⊗ rm is a representation of highest
weight among them. Since (ρ2, N2) is pure, by Lemma 2.6, (ρ2, N2)
Fr-ss is isomorphic to
the direct sum (ρ,N) ⊕ Sptm(ψ
−w ⊗ rm) for some pure Frobenius-semisimple Weil–Deligne
representation (ρ,N). Note that by [Del80, 1.6.7], the representation ⊕1≤i<mSpti(ri) (resp.
(ρ,N)) is pure having weight same as the weight of (ρ1, N1) (resp. (ρ2, N2)). Hence the pure
Weil–Deligne representations ⊕1≤i<mSpti(ri) and (ρ,N) have equal normalized traces and are
of dimensions strictly smaller than n. So ⊕1≤i<mSpti(ψ
−w⊗ri) and (ρ,N) are isomorphic by
the induction hypothesis. Consequently, (ρ2, N2)
Fr-ss is isomorphic to ⊕1≤i≤mSpti(ψ
−w⊗ri) ≃
ψ−w ⊗ (ρ1, N1)
Fr-ss. This completes the proof. 
Remark 3.2. When (ρ1, N1), (ρ2, N2) are representations as in the statement of Theorem 3.1,
then the representations (ρ1, N1), (ψ
w⊗ρ2, N2) are pure with equal traces. Thus their traces
arise as specializations of the pseudorepresentation T : WK → Qp given by T := trρ1 =
tr(ψw ⊗ ρ2) under the identity map id : Qp → Qp. So Theorem 3.1 can be recovered from
[Sah17, Theorem 4.3].
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Proof of Theorem 1.1. Let ρ1, ρ2 be as in the statement of Theorem 1.1. Then their Weil–
Deligne parametrizations WD(ρ1),WD(ρ2) are pure with equal normalized traces. By Theo-
rem 3.1, the Weil–Deligne representation WD(ρ1)
Fr-ss is isomorphic to ψw⊗WD(ρ2)
Fr-ss. 
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